The dielectric function for electron gas with parabolic energy bands is derived in a fractional dimensional space. The static response function shows a good dimensional dependence. The plasma frequencies are obtained from the roots of the dielectric functions. The plasma dispersion shows strong dimensional dependence. It is found that the plasma frequencies in the low dimensional systems are strongly dependent on the wave vector. It is weakly dependent in the three dimensional system and has a finite value at zero wave vector.
I. INTRODUCTION
When the well width of a quantum well (QW) is extremely narrow and its barrier height that causes the in-plane confinement is infinite, the QW shows two-dimensional (2D) electronic and optical properties. The infinitely wide QW exhibits the three-dimensional (3D) bulk properties of the well material [1] . The electronic and optical properties in a QW with finite barrier height and narrow well width show 3D behavior of the barrier material. It happens since the envelope functions for electrons and holes spread into the barrier region partially restoring the 3D characteristics of the system. On the other hand, the electronic and optical properties in a finite QW with sufficiently wide well width show 3D characteristics of the well material. Consequently the QW with finite well width and barrier height shows the fractional dimensional behavior which is somewhere in between 2D and 3D. This has been demonstrated by Ishida [2] in the calculation of plasma dispersion in a superlattice. The same behavior has also been demonstrated in the calculation of exciton [3] and polaron [4] ground state properties.
The anisotropic interactions in an anisotropic solid are treated as ones in an isotropic fractional dimensional space, where the dimension is determined by the degree of anisotropy [5] .
Thus only a single parameter known as the degree of dimensionality (α) is needed to describe the system. In the quantum well structures the width of the QW can also serve for determining α of the system. The fractional dimensional αD space is not Euclidean space, it is spectroscopic dimension which is observed [6] . The (αD) space is not a vector space and the coordinates in this space are termed as pseudo coordinates [7] .
The advantage of the αD space approach over the conventional method for calculating different electronic and optical properties in the low dimensional systems is that it is easier to apply this method. For example, the αD space approach has been successfully employed to calculate exciton binding energy in QWs in an analytic method [8, 9] , while the conventional method needs involved numerical calculations [3] . Similarly the polaron properties in the αD space have been studied in a simple method [10] whereas the conventional method needs quite a bit of computational effort [4] . The technique has also been used to study biexcitons [11] [12] [13] , magnetoexciton [14, 15] , exciton-exciton interaction [16] , exciton-phonon interaction [17] , Stark shift of exciton complexes in weak electric field [18] , refractive index [19] , impurity and donor states [20] [21] [22] , Pauli blocking effect [23] , exciton-phonon interaction [24] , exciton-polaron interaction [25] and magnetopolaron [26] . The absorption spectra in a quantum wire shows the fractional dimensional space behavior with the dimension of the system lies between 1 and 3 depending on the size of the system [27] .
Several properties of the charged boson system have been studied in the αD space using the Singwi-Tosi-Land-Sjölander (STLS) method [28] . The Luttinger liquid [29] and the breakdown of Fermi liquid due to long range interaction [30] in the fractional dimensional space with the dimension between 1 and 2 have been studied. In the fractional dimensional space the plasma frequencies in the long-wavelength limit have been derived from the real part of the dielectric function both in the quantum and classical limits [31] . However, the full treatment of the dielectric function in the αD space for finding plasma frequency has not been carried out for Fermi gas. The present paper aims to fill up this gap and study the correlation energy.
II. DIELECTRIC FUNCTION
In the αD space, the dielectric function with the wave vector q and frequency ω of the external charge is defined as [32] 
where v αD (q) is the Fourier transform of Coulomb potential e 2 /ǫ ∞ r in αD space and
is the irreducible polarizability function. The expression for v αD (q) is given as [7] ,
where Γ(x) is the Euler gamma function.
The irreducible polarizability function is defined as [32] 
where f (k) is the Fermi-Dirac distribution function, V αD is the volume in αD space and
We consider the zero-temperature limit and the parabolic energy dispersion, E k =h 2 k 2 /2m * where m * is the effective mass of electron. The summation over k in the αD space approach is transferred into integration over k and θ as
In the αD space, the Fermi momentum k F is related to r s as
where a B is the Bohr's radius and
We have the identity 1
where P [1/x] is principal part of 1/x and δ(x) is the Dirac delta function.
A. Real part of the dielectric function
Using Eq. (8) in Eq. (7), we find
The first and second integrals in Eq.(9) diverge when θ = θ − and θ = θ + , respectively
Carrying out the θ integration analytically, we find
where 2 F 1 is the Gauss Hypergeometric function. The real part of the susceptibility χ 0 (q, ω)
does not contain any divergent part in the rangehv F q − E q <hω <hv F q + E q . In this range the real part of the susceptibility is obtained as
B. Imaginary part of the dielectric function
The imaginary part of the irreducible polarizability function can be derived from Eq. (7) by using Eq. (8) as
Integrating over θ, we find
where
Performing the integration over k-space gives the result
C. Static response function and Plasma dispersion
The scaled static response function
is a measure of the number of excited states available to the system for vanishing excitation energy.
Therefore F αD (q, 0) vanishes in the systems where there is a gap in the excitation spectrum.
The calculated F αD (q, 0) for α =1, 1.5, 2, 2.5 and 3 at k F =0.5 a.u. and m * = m 0 are shown in Fig.1 [32] . There are singularities at q = 2k F in all dimensions. In 1D there is a logarithm divergence. This singular behavior is responsible for Peirls instability which is the spontaneous formation of density wave at q = 2k F . In 1.5D the response function is weaker and there is a weak kink at q = 2k F .
In 2D the kink at q = 2k F is quite significant. As the dimension is increased, the kink decreases and the derivatives of the response functions for 2 ≤ α ≤ 3 diverge at q = 2k F .
The divergence in response function at q = 2k F results in oscillations with periodicity 2k F in the Fourier transformation of F αD (q, 0). These are Friedel oscillations which are direct consequence of the existence of Fermi surface.
The plasmon frequency ω p (q) can be obtained from the roots of ǫ αD (q, ω) = 0 which gives the condition,
Since the analytic solution of this equation does not exist, we find Ω αD (q) by numerical method. The plasmon frequencies at k F =0.5 a.u. for different α values and are shown in Fig.2 . The plasma frequency in 3D [33] has got a finite value at q = 0. The plasma frequencies for 2D agree with those of Stern [34] . The plasma frequency in 1D has been calculated following Das Sarma and Hwang [35] . For other dimensions the plasma frequency plasma frequency vanishes at q = 0. The condition for the existence of undamped plasma oscillations is the the plasma frequency Ω αD (q) needs to be higher than ω + (q) =h(2k F q + q 2 )/2m * which is the boundary frequency of the single particle regime. The plasma line and e-h line never intersect, but are tangential at q c . For q > q c , the dielectric function has no root and it is called Landau damping. The plasma frequency touches the boundary frequency of the single particle regime at ω + =h(2k F q + q 2 )/2m * In order to understand this effect, we evaluate the plasma frequency in the longwavelength limit. In the long-wavelength limit q → 0, Im[χ 0 αD (q, ω)] = 0. Taking m = 0 and 1 in the m summation in Eq. (12), we find
For
Substituting these values in Eq. (17), we find
Substituting Eq. (18) 
where the classical plasma frequency ω αD (q) is given by[36]
The dimensionless density parameter is related to the electron density n αD as[36]
We can easily understand the long-wavelength q-dependence in plasma frequency in Fig.1 by inspecting Eq. (20) . The plasma frequency in 3D system is nonzero at q = 0 as it independent of q vector. For α < 3, the plasma frequency vanishes at q = 0.
III. CONCLUSION
The dielectric function for electron gas in the fractional dimensional space has been derived in the RPA. Using the irreducible susceptibilities the static response functions for different α values have been calculated. The static response functions show derivative divergence for all dimensions except for 1D system where there is a logarithm singularity.
However, the response function for 1.5D electron gas is weak. The plasma dispersion has been found from the root of the dielectric function. The plasma frequency for low dimensional systems vanishes at q = 0. It gradually approaches towards bulk value when α increases. Ericsson[37] experimentally verified the plasma frequencies in a wide QW. Similarly the present results require experimental verification in a suitable well which shows fractional dimensional behavior. In future we are working on local field correction on the dielectric function and plasma frequency using the STLS method. 
